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4 Lqwurgxfwlrq
Lqwhudfwlrqv ehwzhhq oderu dqg surgxfw pdunhwv kdyh uhfhlyhg frqvlghudeoh dwwhqwlrq lq uhfhqw|hduv1 Lw lv fuxfldo wr dqdo|}h vxfk lqwhudfwlrqv dqg wkhlu h�hfw rq hfrqrplf shuirupdqfh lq rughuwr xqghuvwdqg zk| erwk w|shv ri uhjxodwlrq ydu| vxevwdqwldoo| dfurvv RHFG frxqwulhv dqg whqg wreh srvlwlyho| fruuhodwhg +vhh/ h1j1/ Qlfrohwwl hw do1 +5334,,1 Lq Iljxuh 4 zh uhsolfdwh wkh srvlwlyh fru0uhodwlrq ehwzhhq surgxfw pdunhw uhjxodwlrq +SPU, dqg hpsor|phqw surwhfwlrq ohjlvodwlrq +HSO,lq RHFG frxqwulhv1 Zh xvh vxppdu| lqglfdwruv iru wkh <3v zklfk duh uhsruwhg lq Qlfrohwwl hw do1+4<<<,1 Wkh fruuhodwlrq lv =:5 dqg kljko| vljql�fdqw1 Zkhuhdv Dqjor0Vd{rq frxqwulhv kdyh  h{leohoderu pdunhwv dqg ghuhjxodwhg surgxfw pdunhwv wkh rssrvlwh lv wkh fdvh iru frqwlqhqwdo Hxurshdqfrxqwulhv1 Iurp d wkhruhwlfdo shuvshfwlyh lw lv lqwhuhvwlqj wr lqyhvwljdwh zk| wkh srolf| pl{ lpsolhvhlwkhu qr glvwruwlrqv ru glvwruwlrqv lq erwk oderu dqg surgxfw pdunhwv1 D sulrul rqh pljkw h{shfwwkdw dgglqj rqh glvwruwlrq zrxog ghfuhdvh wkh ghvluh iru dgglqj dqrwkhu glvwruwlrq xqohvv wkhuh duhvxevwdqwldo frpsohphqwdulwlhv ehwzhhq wkh wzr w|shv ri uhjxodwlrq1 Pruhryhu/ lqwhudfwlrqv ehwzhhqoderu dqg surgxfw pdunhw srolflhv duh ri sduwlfxodu lqwhuhvw iru frxqwulhv dwwhpswlqj srolf| uhirup+vhh/ h1j1/ Ruv}dj dqg Vqrzhu +4<<;, rq wkh lpsruwdqfh ri hfrqrplf dqg srolwlfdo frpsohphqwdulwlhviru srolf| uhirup,1 Lqghhg/ zh vkrz zk| lw lv sduwlfxoduo| gl!fxow wr ghuhjxodwh oderu pdunhwv lisurgxfw pdunhwv duh khdylo| uhjxodwhg1 Zh irfxv rq wkh lqwhuhvwv ri lqfxpehqw zrunhuv ehfdxvhwkh| duh wkh rqo| rqhv zkr ehqh�w iurp hpsor|phqw surwhfwlrq1 Khqfh/ lw lv dq hvvhqwldo vwduw0lqj srlqw wr lqyhvwljdwh krz oderu dqg surgxfw pdunhw uhjxodwlrq lqwhudfw iru wklv jurxs ri wkhsrsxodwlrq1Lq wkh prgho surgxfw pdunhw uhjxodwlrq lv fdswxuhg e| hqwu| frvwv zkhuh zh wdnh wkh uhjxodwlrqri surgxfw pdunhwv dv h{rjhqrxvo| ghwhuplqhg e| wkh mxglfldo v|vwhp +vhh Gmdqnry hw do1 +5335,/Wdeoh :/ iru wkh dvvrfldwlrq ri mxglfldo v|vwhpv zlwk hqwu| uhjxodwlrq,1 Lqvwhdg ri dujxlqj wkdwwkh mxglfldo v|vwhp ghwhuplqhv uhjxodwlrq erwk lq wkh surgxfw dqg oderu pdunhw +vhh Erwhur hw do1+5336, iru wkh h�hfw ri mxglfldo v|vwhpv rq oderu pdunhw uhjxodwlrq, zh lqyhvwljdwh krz surgxfwpdunhw uhjxodwlrq hqgrjhqrxvo| fkdqjhv wkh lqfhqwlyhv iru wkh uhjxodwlrq ri oderu pdunhwv1 Zh
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Iljxuh 4= Surgxfw Pdunhw Uhjxodwlrq +SPU, dqg Hpsor|phqw Surwhfwlrq Ohjlvodwlrq +HSO, lqRHFG frxqwulhv1 Vrxufh= Qlfrohwwl hw do1 +4<<<,/ Wdeohv D61: dqg D61441 Wkh lqglfdwru rq surgxfw pdunhw
uhjxodwlrq vxppdul}hv vwdwh frqwuro/ eduulhuv wr hqwuhsuhqhxuvkls/ eduulhuv wr wudgh dqg lqyhvwphqw/ dqg
hfrqrplf dqg dgplqlvwudwlyh uhjxodwlrq1 Wkh lqglfdwru rq hpsor|phqw surwhfwlrq vxppdul}hv uhjxodwlrq iru
uhjxodu dqg whpsrudu| frqwudfwv1
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irfxv rq HSO zklfk zh dvvxph wr lpso| zdvwhixo frvwv vr wkdw HSO ihhgv edfn lqwr wkh vwuxfwxuhri wkh surgxfw pdunhw= lq wkh prgho/ HSO ghfuhdvhv wkh htxloleulxp qxpehu ri �upv dqg wkxv kdvd qhjdwlyh h�hfw rq frpshwlwlrq lq wkh surgxfw pdunhw1Wkh surgxfw pdunhw lv prghoohg vlplodu wr Eodqfkdug dqg Jldyd}}l +5336,1 Lq wkh oderu pdunhwzrunhuv frpshwh iru mrev h{ dqwh exw dssursuldwh uhqwv h{ srvw1 Lq rughu wr ghulyh dqdo|wlf uhvxowvzh dvvxph wkdw hdfk �up hpsor|v rqo| rqh zrunhu1 Wklv lpsolhv wkdw �ulqj frvwv kdyh wr ehlqwhusuhwhg dv froohfwlyh glvplvvdo frvwv ru rwkhu h{lw frvwv vlqfh �upv odfn dq dgglwlrqdo pdujlq ridgmxvwphqw jlyhq wkdw wkh| fdqqrw hpsor| pruh wkdq rqh zrunhu1 Dowkrxjk wklv lv d txlwh uhvwulfwlyhdvvxpswlrq/ lw lv d xvhixo �uvw vwhs wr frqyh| wkh phvvdjh dv vlpsoh dv srvvleoh ehiruh dqdo|}lqjqxphulfdoo| lqwhudfwlrqv ehwzhhq surgxfw dqg oderu pdunhw uhjxodwlrq iru pxowlsoh0zrunhu �upvlq ixwxuh uhvhdufk1 Pruhryhu/ froohfwlyh glvplvvdo frvwv duh dq lpsruwdqw frpsrqhqw ri HSO +vhhRHFG/ 4<<<,1 Lq rughu wr lghqwli| surgxfw dqg oderu pdunhw uhjxodwlrq lq wkh vlpsol�hg prgholqjvwuxfwxuh/ zh dvvxph wkdw wkh �up fdq �uh dqg uhkluh zlwkrxw kdylqj wr sd| wkh vhw0xs frvw djdlq1Zh rewdlq wkh iroorzlqj uhvxowv dqdo|}lqj wzr vfhqdulrv1 Iluvw zh dvvxph wkdw zrunhuv wudqvihud grzqsd|phqw wr wkh �up vr wkdw �ulqj frvwv gr qrw h{huw d qhjdwlyh h�hfw rq hqwu| ehfdxvh wkh�up lv frpshqvdwhg h{ dqwh1 Zh vkrz wkdw vhw0xs frvwv lqfuhdvh wkh vfrsh iru �ulqj frvw ehfdxvh�upv fdq ehdu kljkhu �ulqj frvw h{ srvw zlwkrxw forvlqj grzq1 Vhfrqg zh uhod{ wkh dvvxpswlrq rid grzqsd|phqw vr wkdw �ulqj frvwv qhjdwlyho| d�hfw hqwu|1 Zh vkrz lq vxfk d vhwwlqj wkdw vhw0xsfrvwv lqfuhdvh wkh ehqh�wv ri �ulqj frvwv iru lqfxpehqw zrunhuv1 Wklv lv ehfdxvh surgxfw pdunhwuhjxodwlrq ghfuhdvhv hpsor|phqw dqg wkxv wkh rxwvlgh rswlrq ri zrunhuv= rqfh �uhg/ lw ehfrphvpruh gl!fxow wr ehfrph uhhpsor|hg vr wkdw wkh dvvhw ydoxh ri dq xqhpsor|hg zrunhu idoov1Wkh prgho forvhvw wr wklv sdshu lv wkh rqh e| Eodqfkdug dqg Jldyd}}l +5336,14 Lqvwhdg riirfxvvlqj rq wkh edujdlqlqj srzhu ri zrunhuv lq wkh zdjh vhwwlqj uxoh dqg lwv lqwhudfwlrq zlwk
4Hehoo dqg Kçinh +5336, h{whqg wkh prgho wr d ixoo| g|qdplf iudphzrun dqg surylgh txdqwlwdwlyh uhvxowv rqwkh zdjh dqg hpsor|phqw h�hfwv1 Ri frxuvh/ lqwhudfwlrqv ehwzhhq surgxfw pdunhw uhqwv dqg zdjh vhwwlqj kdyhehhq dqdo|}hg douhdg| ehiruh1 H1j1/ Grzulfn +4<;<, lqyhvwljdwhv wkh h�hfw ri uhqwv lq wkh surgxfw pdunhw rq xqlrqedujdlqlqj1 Krzhyhu/ lq Grzulfn*v vwdwlf prgho wkh qxpehu ri �upv dqg wkh wkuhdw srlqwv duh h{rjhqrxv1
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surgxfw pdunhw frpshwlwlrq/ zh dqdo|}h wkh lqwhudfwlrqv ri surgxfw pdunhw uhjxodwlrq dqg �ulqjfrvwv devwudfwlqj iurp zdjh h�hfwv1 Pruhryhu/ lq wkh srolwlfr0hfrqrplf dqdo|vlv zh h{solflwo| wdnhlqwr dffrxqw wkh jhqhudo htxloleulxp ihhgedfnv h�hfwv wkurxjk fkdqjhv ri wkh qxpehu ri �upv1Prvw lpsruwdqwo|/ rxu h{sodqdwlrq grhv qrw uho| rq wkh phfkdqlvp wkdw surgxfw pdunhw uhjxodwlrqlqfuhdvhv vwdwlf uhqwv lq wkh mre ri zklfk zrunhuv zdqw wr dssursuldwh pruh1 Lqwhuhvwlqjo|/ lw lvqrw hyhq fohdu iurp d wkhruhwlfdo shuvshfwlyh wkdw surgxfw pdunhw uhjxodwlrq lqfuhdvhv uhqwv lq uhdowhupv dv vkrzq e| Eodqfkdug dqg Jldyd}}l +5336,= uhjxodwlrq lpsolhv kljkhu frqvxphu sulfhv dqgli wklv h�hfw lv vwurqj hqrxjk lw fdq pruh wkdq rxwzhljk wkh qrplqdo zdjh lqfuhdvh1 Lq rxu prgho/zdjhv duh h{rjhqrxv h{ srvw +lq wkh grzqsd|phqw fdvh wkh zdjh eloo lv  h{leoh h{ dqwh, dqg wkhfrpsohphqwdulw| ehwzhhq �ulqj dqg hqwu| frvwv uhvxowv iurp wkh h�hfw ri uhjxodwlrq rq wkh g|qdplfuhqwv= uhjxodwlrq ghfuhdvhv wkh qxpehu ri mrev zklfk pdnhv wkh zrunhuv* rxwvlgh rswlrq uhodwlyho|zruvh1Rssrvlwh wr zkdw zh �qg lq rxu sdshu/ Dpdeoh dqg Jdwwl +5334, vkrz lq d g|qdplf h!flhqf|0zdjh prgho wkdw �ulqj frvwv vkrxog lqfuhdvh li surgxfw pdunhwv ehfrph pruh frpshwlwlyh1 Lq wkhluprgho �ulqj frvwv frxqwhuedodqfh wkh qhjdwlyh hpsor|phqw h�hfw uhvxowlqj iurp kljkhu wxuqryhu lqd pruh frpshwlwlyh hqylurqphqw1 Krzhyhu/ wkh prgho*v suhglfwlrqv duh rssrvlwh wr wkh hpslulfdofurvv0frxqwu| hylghqfh suhvhqwhg deryh1Wkh iroorzlqj wkuhh srolwlfr0hfrqrplf sdshuv duh uhodwhg wr rxu uhvhdufk1 Ehorw +5335, ru Kdvvohuhw do1 +5335, dujxh wkdw hpsor|phqw surwhfwlrq ru vrfldo lqvxudqfh duh orzhu lq wkh XV wkdq lqfrqwlqhqwdo Hxursh ehfdxvh prelolw| frvwv duh kljkhu lq Hxursh1 Zh sursrvh dqrwkhu phfkdqlvpuhodwhg wr surgxfw pdunhw uhjxodwlrq1 Pruh forvho| uhodwhg duh wkh sdshuv e| Vdlqw0Sdxo +5335,dqg Ylqgljql +5335, zkr vkrz wkdw kljkhu �ulqj frvwv uhvxow li pruh uhqwv duh dssursuldeoh lq wkhhfrqrp|1 Wklv lv dovr wkh fdvh lq rxu prgho1 Krzhyhu/ udwkhu wkdq irfxvvlqj rq wkh vwdwlf uhqwv zhdqdo|}h wkh h�hfw ri uhjxodwlrq rq wkh g|qdplf uhqwv zklfk duh hqgrjhqrxvo| ghwhuplqhg1Wkh uhvw ri wkh sdshu lv vwuxfwxuhg dv iroorzv1 Lq Vhfwlrq 5 zh suhvhqw wkh prgho ri wkh surgxfwdqg oderu pdunhw1 Lq Vhfwlrq 6 zh vroyh iru wkh hfrqrplf htxloleulxp ehiruh zh glvfxvv srolwlfr0hfrqrplf frqvlghudwlrqv lq Vhfwlrq 71 Zh frqfoxgh lq Vhfwlrq 81
8



5 Wkh Prgho
Wkh hfrqrp| lv srsxodwhg e| K h{ dqwh lghqwlfdo djhqwv1 Wkh djhqwv duh dvvxphg wr eh ulvn qhxwudodqg hduq zdjh z li hpsor|hg1 Ixuwkhupruh/ zh dvvxph wkdw wkh glvfrxqw udwh lv htxdo wr wkh lqwhuhvwudwh dqg djhqwv frqvxph wkhlu lqfrph lq hyhu| shulrg1 Wklv lv frqvlvwhqw zlwk wkh dvvxpswlrq riulvn qhxwudolw| lq d jhqhudo htxloleulxp frqwh{w1 Pruhryhu/ wkh dvvxpswlrq ri ulvn qhxwudolw| doorzvxv wr irfxv rq wkh lqwhudfwlrq ri uhqwv dqg uhjxodwlrq lq wkh oderu dqg surgxfw pdunhw1 Ehfdxvh riulvn qhxwudolw|/ zdvwhixo �ulqj frvwv uhglvwulexwh uhqwv dprqj djhqwv exw ghfuhdvh djjuhjdwh zhoiduh1Khqfh/ zh devwudfw iurp dgglwlrqdo glphqvlrqv ri hpsor|phqw surwhfwlrq zklfk dulvh zkhq djhqwvduh ulvn dyhuvh1 Lq wklv fdvh hpsor|phqw surwhfwlrq fdq eh d vxevwlwxwh iru lqvxudqfh lq lqfrpsohwhpdunhwv dqg lqfuhdvh djjuhjdwh zhoiduh +vhh/ h1j1/ Ehuwrod +5336,,1
514 Wkh Surgxfw Pdunhw
Wkh surgxfw pdunhw lv prghoohg dv d voljkw prgl�fdwlrq ri wkh vwdqgdug prqrsrolvwlf frpshwlwlrqprgho1 Dv lq Eodqfkdug dqg Jldyd}}l +5336, ru Shuhwwr +5333, zh dvvxph wkdw wkh hodvwlflw| rivxevwlwxwlrq ehwzhhq jrrgv lqfuhdvhv zlwk wkh qxpehu ri �upv1 Dvvxph wkdw wkh �qdo jrrg \ lvsurgxfhg zlwk Q lqwhuphgldwh jrrgv [� dffruglqj wr wkh surgxfwlrq ixqfwlrq

\ @ Q ��30
# �[

�'� [ 03�0�
$ 003� 1 +4,

Djjuhjdwh ghpdqg \ (+S , hqvxuhv wkdw wkh pdunhw iru wkh �qdo jrrg fohduv15 Hdfk lqwhuphgldwhjrrg lv surgxfhg e| rqh �up wkdw xvhv rqh zrunhu1 Zh dvvxph wkdw wkh zrunhuv hpsor|hg wrsurgxfh wkh lqwhuphgldwh jrrgv ghpdqg d qhjoljleoh vkduh ri wkh �qdo jrrg vr wkdw fkdqjhv lq wkhsulfh ri wkh �qdo jrrg gr qrw d�hfw wkh uhdo zdjh ri wkh zrunhu +zh ixuwkhu glvfxvv wklv dvvxpswlrq
5Qrwh wkdw lq rxu prgho d odujhu qxpehu ri �upv lpsolhv wkdw wkh �qdo jrrg lv surgxfhg zlwk pruh lqwhuphgldwhjrrgv1 L1h1/ lpsolflwo| wkh surgxfwlrq whfkqrorj| fkdqjhv1 Krzhyhu/ wkh �qlwh qxpehu ri lqgxvwulhv doorzv xv wrh{solflw| ghulyh krz wkh hodvwlflw| ri surgxfw ghpdqg ghshqgv rq � 1 Pruhryhu/ qrwh wkdw djjuhjdwh rxwsxw grhv qrwlqfuhdvh zlwk � ehfdxvh ri wkh idfwru � 44�% lq htxdwlrq +4,1
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ehorz,1 Surgxfhuv ri wkh �qdo jrrg vroyh wkh pd{lpl}dwlrq sureohp
pd{f� S\ � �[

�'� S�[�
v1w1 htxdwlrq +4,1 Lw iroorzv wkdw wkh ghpdqg iru wkh lqwhuphgldwh jrrg lv

[� @ �S�S �30 \Q
dqg wkh hodvwlflw| ri ghpdqg iru hdfk jrrg lv

�+Q, � ����C[�CS� S�[�
���� @ %� +%� 4,Q3� /

zkhuh S� lv wkh sulfh vhw e| �up l dqg
S @ #Q3� �[

�'� S �30�
$ ��30 1

Qrwh wkdw wkhuh duh wzr h�hfwv wkdw pdnh wkh hodvwlflw| ri ghpdqg ghshqg rq wkh qxpehu ri �upv1Rq wkh rqh kdqg wkhuh lv d srvlwlyh h{whuqdolw| ehfdxvh wkh �up lv deoh wr sdvv rq sduw ri lwv sulfhlqfuhdvh wr doo rwkhu �upv1 Rq wkh rwkhu kdqg wkhuh lv dovr d qhjdwlyh h{whuqdolw| ehfdxvh djjuhjdwhghpdqg idoov dv wkh djjuhjdwh sulfh S lqfuhdvhv1 Wkh srvlwlyh h{whuqdolw| zloo dozd|v eh vwurqjhu/krzhyhu/ dv orqj dv sulfhv duh vhw rswlpdoo|/ l1h1/ % A 41Zh zloo dovr uhihu wr �+Q, dv ghjuhh ri frpshwlwlrq1 Dv lv lqwxlwlyh/ li Q $ 4/ wkh h�hfw rirqh �up*v sulfh vhwwlqj grhv qr orqjhu pdwwhu iru wkh djjuhjdwh dqg wkh hodvwlflw| frqyhujhv wr %1Pruhryhu/
C�CQ @ +%� 4,Q32 A 3 +5,

li % A 4 zklfk krogv lq wkh rswlpxp dqg
C2�CQ2 @ �5+%� 4,Q3� ? 3 1 +6,

Htxdwlrqv +5, dqg +6, lpso| wkdw frpshwlwlrq lqfuhdvhv dv pruh �upv surgxfh lq wkh hfrqrp|/exw frpshwlwlrq lqfuhdvhv dw d ghfuhdvlqj udwh1
:



Jlyhq wkdw hdfk �up lq wkh lqwhuphgldwh jrrg vhfwru hpsor|v rqh zrunhu/ prqrsro| sulflqjlpsolhv wkdw sur�w  rzv duh jlyhq e| +ehfdxvh doo �upv duh v|pphwulf zh gurs wkh lqgh{ l vxevh0txhqwo|,
�+Q, @ �+Q,�+Q,� 4z�z @ 4�+Q,� 4z / +7,

zkhuh �@+� � 4, lv wkh vwdqgdug pdunxs ryhu pdujlqdo frvw z1 Qrwh wkdw wkh pdunxs ghfuhdvhv lqQ vr wkdw
C�CQ ? 3 +8,

dqg
C2�CQ2 A 3 1 +9,

Htxdwlrqv +8, dqg +9, duh lpsruwdqw iru xqghuvwdqglqj wkh lqwhudfwlrq ehwzhhq surgxfw pdunhwuhjxodwlrq dqg �ulqj frvwv ehorz lq wkh fdvh ri qr grzqsd|phqwv1 Kljkhu �ulqj frvwv ghfuhdvhwkh qxpehu ri �upv lq htxloleulxp vr wkdw sur�w  rzv ulvh dqg �upv djdlq euhdn hyhq1 Krzhyhu/htxdwlrqv +8, dqg +9, lpso| wkdw wklv h�hfw lv uhodwlyho| ohvv lpsruwdqw li wkh qxpehu ri �upv lvdouhdg| vpdoo/ h1j1/ ehfdxvh ri surgxfw pdunhw uhjxodwlrq1 Lqwhuhvwlqjo|/ hpslulfdo vwxglhv lqghhgwhqg wr �qg wkdw hqwu| eduulhuv zklfk ghfuhdvh wkh qxpehu ri �upv duh srvlwlyho| fruuhodwhg zlwksur�wdelolw| +vhh/ h1j1/ Vfkpdohqvhh*v +4<;<, vxuyh| ri wkh olwhudwxuh,1Frqwudu| wr Eodqfkdug dqg Jldyd}}l +5336, zh dvvxph wkdw surgxfw pdunhw uhjxodwlrq grhvqrw kdyh dq h�hfw rq wkh zrunhu*v sulfh iru frqvxpswlrq1 Wklv lv sodxvleoh li wkh zrunhu*v lqgxvwu|lv frqvlghuhg vpdoo uhodwlyh wr wkh djjuhjdwh ru li wkh frqvxpswlrq exqgoh frqwdlqv d vxevwdqwldodprxqw ri lpsruwhg jrrgv1 Zh hpsor| wklv dvvxpswlrq ehfdxvh zdjhv duh h{rjhqrxv lq rxu prghodqg wkxv zrunhuv gr qrw rewdlq d vkduh ri wkh kljkhu sur�wv lq pruh uhjxodwhg pdunhwv1 Wkxv/zrunhuv zrxog dozd|v suhihu  h{leoh surgxfw pdunhwv ehfdxvh ri orzhu sulfhv1 Eodqfkdug dqgJldyd}}l vkrz wkdw surgxfw pdunhw uhjxodwlrq pdnhv zrunhuv zruvh r� lq uhdo whupv li zdjhv duhhqgrjhqrxv dqg wkh sulfh lqfuhdvh ri wkh �qdo jrrg uhvxowlqj iurp uhjxodwlrq lv ixoo| sdvvhg rq wr
;



wkh frqvxpswlrq sulfh lqgh{1 Wklv lv ehfdxvh lq wkhlu prgho zrunhuv gr qrw dssursuldwh wkh ixoovkduh ri wkh uhqwv/ exw kdyh wr ehdu wkh ixoo frvw ri wkh sulfh lqfuhdvh1 Khqfh/ lq jhqhudo lw ghshqgvrq wkh vl}h ri wkh wzr h�hfwv zkhwkhu zrunhuv jdlq ru orrvh lq uhdo whupv zkhq surgxfw pdunhwv duhpruh uhjxodwhg1 Dowkrxjk lw lv lpsruwdqw wr ehdu wklv srwhqwldo h�hfw ri surgxfw pdunhw uhjxodwlrqlq plqg/ zh devwudfw iurp lw lq wklv sdshu iru vlpsolflw|1 Ehorz zh zloo glvfxvv ixuwkhu krz doorzlqjiru d sulfh h�hfw lq xhqfhv wkh uhvxowv ri wkh sdshu1
515 Wkh Oderu Pdunhw
Wkh oderu pdunhw lv dvvxphg wr eh shuihfwo| frpshwlwlyh1 Wkh xqhpsor|hg hduq wkh  rz ! zkhuhdvzrunhuv hduq wkh zdjh z1 Zh dvvxph wkdw z A !/ l1h1/ hpsor|phqw lpsolhv uhqwv iru wkh zrunhuv1 Zhdvvxph wkdw wkh vl}h ri wkh vwdwlf uhqw z�! lv h{rjhqrxv lq rughu wr irfxv rq wkh g|qdplf uhqwv irulqfxpehqw zrunhuv/ l1h1/ wkh gl�huhqfh ehwzhhq wkh dvvhw ydoxh ri hpsor|phqw dqg xqhpsor|phqw/Z�X 1 Lq jhqhudo/ krzhyhu/ �ulqj frvwv fuhdwh d krog0xs sureohp +vhh/ h1j1/ Fdedoohur dqg Kdpprxu+4<<:,, vr wkdw zrunhuv duh deoh wr elg xs zdjhv rqfh wkh| duh hpsor|hg1 H1j1/ zlwk Qdvk edujdlqlqjzdjhv ri lqfxpehqw zrunhuv zrxog eh ghwhuplqhg dv

z @ +4� �,!. �+� . uI ,
zkhuh � lv wkh edujdlqlqj srzhu ri wkh zrunhu/ � duh wkh �up*v uhyhqxhv/ u lv wkh pdunhw lqwhuhvwudwh dqg I lv wkh �ulqj frvw +vhh/ h1j1/ Pruwhqvhq dqg Slvvdulghv +4<<<,,1 Lqvwhdg/ zh dvvxph wkdwvxfk uhqwv h{lvw zlwkrxw prgholqj wklv h{solflwo|1 Wklv lv qrw ehfdxvh lw zrxog eh frqfhswxdoo|gl!fxow wr lqfrusrudwh hqgrjhqrxv zdjhv lq rxu prgho/ exw wr irfxv rq d sduwlfxodu phfkdqlvp1Zh zloo phqwlrq ehorz krz hqgrjhqrxv zdjhv zrxog d�hfw wkh uhvxowv1
Ilupv Ilupv lq wkh lqwhuphgldwh0jrrg vhfwru kdyh wr sd| d vhw0xs frvw F wr hqwhu wkh pdunhw1Wklv vhw0xs frvw fdq eh wkrxjkw ri dv vxqn frvw vxfk dv uhg0wdsh zklfk lv vkrzq wr eh uhohydqwhpslulfdoo| e| Irqvhfd hw do1 +5334, ru Qlfrohwwl hw do1 +5334,1 Ilupv fdq forvh grzq zlwkrxw frvw liqr zrunhu lv hpsor|hg1 Rqfh d �up kdv hqwhuhg wkh pdunhw lw zloo dozd|v �qg lw rswlpdo wr hpsor|
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d zrunhu1 Ghqrwh zlwk M wkh dvvhw ydoxh ri wkh mre1 Hyhu| mre lv h{srvhg wr oxps0vxp sur�wvkrfnv d zklfk duulyh zlwk Srlvvrq suredelolw| �1 Wkh sur�w vkrfnv fdq eh wkrxjkw ri dv udqgrpjryhuqphqw vxevlglhv16 Wkh dvvxpswlrq ri oxps0vxp sur�w vkrfnv lv xvhixo ehfdxvh lw doorzv xvwr lqwurgxfh d vwrfkdvwlf hqylurqphqw zkloh suhvhuylqj wkdw �upv vhw wkhlu sulfhv v|pphwulfdoo|dv lq wkh vwdqgdug prqrsrolvwlf frpshwlwlrq prgho1 Zh dvvxph wkdw wkh vkrfnv d duh xqlirupo|glvwulexwhg dffruglqj wr wkh fxpxodwhg glvwulexwlrq ixqfwlrq J+d, lq wkh lqwhuydo ^�4> 4` vr wkdw wkhh{shfwhg ydoxh lv 31 Jlyhq wkhvh dvvxpswlrqv/ wkh �up zloo forvh grzq zlwk suredelolw| �n-2 zkhuhwkh hqgrjhqrxv uhvhuydwlrq ydoxh U zloo eh ghwhuplqhg ehorz1 Lw iroorzv wkdw wkh dvvhw ydoxh ri wkhmre M lv
uM+d, @ � . d. ��] �

- M +|, gJ +|,� 4 .U5 I � M +d,� 1 +:,
Dsso|lqj wkh phwkrg ri xqghwhuplqhg frh!flhqwv/ wklv htxdwlrq fdq eh vroyhg iru M =

M +d, @ �u . �E�n-�2 . du . � . �5 +4 .U,2+5u . �+4 .U,, +u . �, / +;,
zkhuh zh xvh htxdwlrq +44, ehorz wr vxevwlwxwh iru I=Ilupv kluh d zrunhu li

M+3, � 3 +<,
dqg �uh wkh zrunhu li

M+U, � �I 1 +43,
Zh dvvxph wkdw �ulqj frvwv duh sxuh zdvwh17 Vxewudfwlqj htxdwlrqv +<, dqg +43, xvlqj htxdwlrq+;, zh jhw wkdw

� Uu . � @ I +44,
6Wkh vxevlglhv duh dvvxphg wr eh �qdqfhg oxps0vxp vr wkdw wkh| gr qrw glvwruw ehkdylru17 Li �ulqj frvwv zhuh sxuh wudqvihuv iurp wkh �up wr wkh zrunhu/ �ulqj frvwv zrxog eh qhxwudo dv orqj dv zdjhvduh  h{leoh +vhh/ h1j1/ Od}hdu +4<<3, iru d frpshwlwlyh prgho dqg Pruwhqvhq dqg Slvvdulghv +4<<<, iru d prgho zlwkvhdufk iulfwlrqv,1
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zklfk hvwdeolvkhv wkh h{lvwhqfh ri d vlpsoh/ grzqzdug0vorslqj/ olqhdu uhodwlrqvkls ehwzhhq Udqg I 1 Qrwh wkdw khuh wkh dvvxpswlrq ehfrphv lpsruwdqw wkdw �upv gr qrw lqfxu wkh vhw0xs frvwdjdlq li wkh| �uh dqg uhhpsor| d zrunhu1Lq rughu wr ghwhuplqh wkh qxpehu ri �upv zh qhhg wr vshfli| wkh dvvhw ydoxh ri wkh �up Y 1 Lw lvqhfhvvdu| wr glvwlqjxlvk ehwzhhq wkh dvvhw ydoxh ri wkh �up dqg ri wkh mre wr lghqwli| vhw0xs frvwviurp wkh �ulqj frvwv e| doorzlqj �upv wr uhkluh d zrunhu zlwkrxw lqfxuulqj wkh vhw0xs frvw djdlq1Ilupv lqfxu wkh vhw0xs frvwv rqo| li wkh| hqwhu wkh pdunhw1 Doo �upv lq wkh pdunhw wkdw ghvwur|d mre/ lpphgldwho| fuhdwh d qhz rqh dv orqj dv wkh| uhpdlq lq exvlqhvv vlqfh M+3, � 31 Lw iroorzvwkdw ehiruh wkh oxps0vxp vkrfn uhdol}hv wkh qxpehu ri mrev lv htxdo wr wkh qxpehu ri �upv Q 1 H{srvw/ ri frxuvh/ vrph �upv ghflgh wr ghvwur| wkh mre li wkh vkrfn wdnhv d ydoxh ehorz wkh uhvhuydwlrqydoxh U1 Zh qhhg vrph h{rjhqrxv fkxuqlqj wr dyrlg fruqhu vroxwlrqv e| jxdudqwhhlqj wkdw �upvh{lw dqg hqwhu lq htxloleulxp1 Wkh dvvhw ydoxh ri wkh �up lv
uY +d, @ uM+d, . �+�I � Y +d,,

zkhuh � lv wkh h{rjhqrxv suredelolw| wkdw wkh �up jrhv rxw ri exvlqhvv1 Ehfdxvh wkh mrlqw hyhqw ri�ulqj dqg fkxuqlqj lv ri vhfrqg rughu zklfk zh qhjohfw frqvlghulqj vpdoo wlph lqwhuydov/ �upv lqfxuwkh �ulqj frvwv zkhq wkh| h{lw wkh pdunhw iru h{rjhqrxv uhdvrqv1 Wkh hqwu| dqg h{lw frqglwlrq iru�upv duh
Y +3, � F +45,

dqg
Y +3, � 3 / +46,

uhvshfwlyho|18 Xvlqj htxdwlrq +;, dqg +44,/ zh fdq vshoo rxw Y +3,=
Y +3, @ uu . �

# 5�+Q,5u . � +4� +u . �,I , . �5 +4� +u . �,I ,2+5u . �+4� +u . �,I ,, +u . �,
$� �u . �I / +47,

zklfk lv d ixqfwlrq ri I dqg Q 18 Lq wkh fdvh ri d grzqsd|phqw ( : f/ wkh hqwu| frqglwlrq prgl�hv wr T Ef�n( D � 1 Zh glvfxvv wkh grzqsd|phqwfdvh lq d vhsdudwh vxevhfwlrq ehorz zkhuh zh ghulyh dq h{solflw h{suhvvlrq iru (1
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Uhpdun 4= Y +3, ghfuhdvhv lq Q dqg I 1
Surri= vhh wkh Dsshqgl{1Qrwh wkdw

C2Y +3,CQCI ? 3 dqg C2Y +3,CQ2 A 3 / +48,
zkhuh wkh vhfrqg lqhtxdolw| iroorzv iurp htxdwlrq +9,1Wr ghyhors vrph pruh lqwxlwlrq lw lqvwuxfwlyh wr frqvlghu wzr vshfldo fdvhv=l, u @ 3=

CY +3,CI @ �4 1
Ehfdxvh u @ 3/ djhqwv ydoxh wkh ixwxuh dv pxfk dv wkh suhvhqw1 Vlqfh �ulqj frvwv duh eruqhe| wkh �up zlwk fhuwdlqw| dw vrph srlqw lq wlph/ wkh ydoxh ri wkh �up Y ghfuhdvhv e| wkh vdphdprxqw wkh �ulqj frvw lqfuhdvhv1 Qrwh/ krzhyhu/ wkdw u @ 3 lv qrw d yhu| uhdolvwlf fdvh vlqfh �upvqhhg wr uhfhlyh d vhw0xs vxevlg| F @ �I lq rughu wr hqwhu wkh pdunhw1ll, � @ 3=

CY +3,CI @ � �u . � 1
Li � @ 3/ �upv lqfxu �ulqj frvwv rqo| ehfdxvh � A 31 Khqfh/ dw wkh pdujlq �ulqj frvwv ghfuhdvhwkh ydoxh ri wkh �up e| � zklfk lv wkh h{shfwhg ydoxh ri �ulqj frvw uhvxowlqj iurp qdwxudo wxuqryhudqg lv glvfrxqwhg e| wkh h�hfwlyh glvfrxqw udwh u . �1

Zrunhuv Wkh dvvhw ydoxh ri ehlqj hpsor|hg/ Z / dqg xqhpsor|hg/ X / fdq eh zulwwhq dv
uZ @ z.��4 .U5 . �� +X �Z , +49,

dqg
uX @ !.��4 .U5 . �� QK �Q +Z � X, 1 +4:,
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Ehfdxvh wkhuh duh qr iulfwlrqv lq wkh oderu pdunhw/ �uhg zrunhuv lpphgldwho| �qg dqrwkhu mre liwkhuh lv ixoo hpsor|phqw lq wkh hfrqrp|/ l1h1/ li K @ Q 1 Qrwh wkdw h{rjhqrxv fkxuqlqj � d�hfwv wkhqxpehu ri dydlodeoh mrev iru wkh xqhpsor|hg vlqfh rwkhu �upv zloo lpphgldwho| hqwhu dqg vxevwlwxwhiru wkh qxpehu ri h{lwhg �upv vr wkdw Y +3, @ F krogv1
6 Wkh Hfrqrplf Htxloleulxp
D srolf| pl{ +I>F, ghwhuplqhv wkh hfrqrplf htxloleulxp +Q>U, e| wkh iroorzlqj wzr htxdwlrqvzklfk zh uhshdw iru frqyhqlhqfh=

U @ �+u . �,I
dqg

Y +3, @ F1
Jlyhq wkhvh htxloleulxp frqglwlrqv/ Uhpdun 4 lpsolhv wkh iroorzlqj uhvxow1

Uhvxow 4 +Qr Grzqsd|phqw, Wkh htxloleulxp qxpehu ri �upv/ Q / dqg wkxv dovr wkh ghjuhhri frpshwlwlrq �+Q,/ ghfuhdvh lq vhw0xs frvwv F dqg �ulqj frvwv I 1
Surri= vhh wkh Dsshqgl{1Wkh qhjdwlyh h�hfw ri surgxfw pdunhw uhjxodwlrq rq wkh qxpehu ri �upv dqg hpsor|phqw lvzhoo vxssruwhg hpslulfdoo| +vhh/ h1j1/ Qlfnhoo +4<<<,/ Irqvhfd hw do1 +5334, ru Ehuwudqg dqg Nudpdu}+5335,,1 Pruhryhu/ �ulqj frvwv qhjdwlyho| d�hfw frpshwlwlrq ehfdxvh wkh| kdyh d qhjdwlyh h�hfwrq hqwu|1 Wkh qhjdwlyh h�hfw ri �ulqj frvwv rq hpsor|phqw/ krzhyhu/ fulwlfdoo| ghshqgv rq wkhdvvxpswlrq wkdw hdfk �up rqo| hpsor|v rqh zrunhu1 Wklv uhvxow lv vshfl�f wr froohfwlyh glvplvvdofrvwv ru rwkhu h{lw frvwv dqg grhv qrw krog lq dq hqylurqphqw lq zklfk �upv hpsor| pruh wkdq rqhzrunhu dqg idfh frvwv ri pdujlqdo dgmxvwphqw1Zh qrz zdqw wr dqdo|}h wkh ghshqghqfh ri wkh hfrqrplf htxloleulxp rq wkh srolf| pl{ lq wzrgl�huhqw vfhqdulrv1 Lq wkh �uvw vfhqdulr/ Uhvxow 4 grhv qrw dsso| ehfdxvh xqhpsor|hg zrunhuv fdq
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�ex|� d mre wudqvihuulqj d grzqsd|phqw wr wkh �up1 Lq wklv fdvh �ulqj frvwv gr qrw d�hfw wkhqxpehu ri �upv lq htxloleulxp dqg wkh rxwvlgh rswlrq X 1 Wklv vfhqdulr lvrodwhv wkh lqwhudfwlrqehwzhhq surgxfw dqg oderu pdunhw uhjxodwlrq uhvxowlqj iurp wkh idfw wkdw �upv hduq kljkhu uhqwv1Lq wkh vhfrqg vfhqdulr zh gr qrw uhtxluh wkdw zrunhuv pdnh d grzqsd|phqw1 Lq wklv vfhqdulr/Uhvxow 4 dssolhv dqg vhw0xs frvwv dqg �ulqj frvwv kdyh d qhjdwlyh h�hfw rq wkh rxwvlgh rswlrq X = lwehfrphv pruh gl!fxow iru wkh zrunhu wr �qg dqrwkhu mre li kh lv �uhg vr wkdw hpsor|phqw surwhfwlrqohjlvodwlrq lpsolhv dq hqgrjhqrxv frvw1
614 Grzqsd|phqw
Zh dvvxph wkdw xqhpsor|hg zrunhuv fdq ex| d mre wudqvihuulqj d grzqsd|phqw wr wkh �up1 Wkhgrzqsd|phqw lpsolhv wkdw wkh zdjh eloo lv  h{leoh h{ dqwh1 Zrunhuv h{sorlw wkh idfw wkdw wkh hqwu|frvw F lv vxqn dqg wkdw �upv zloo rqo| forvh grzq li Y +3, ? 3 rqfh wkh| kdyh hpsor|hg wkh zrunhu=lqfxpehqw zrunhuv gulyh xs �ulqj frvw xqwlo wkh �up lv mxvw lqgl�huhqw zkhwkhu wr forvh grzq ruqrw vr wkdw Y +3, @ 3 diwhu wkh �up kdv hqwhuhg wkh pdunhw1 Ilupv dqwlflsdwh wkh zrunhuv* ehkdylrudqg jlyhq wkdw zrunhuv frpshwh iru mrev/ �upv zloo qrw hqwhu wkh pdunhw xqohvv wkh zrunhu sd|v dwohdvw F lq rughu wr frpshqvdwh wkh �up iru wkh hqwu| frvw1Ehfdxvh wkhuh lv shuihfw frpshwlwlrq dprqj zrunhuv/ zrunhuv duh lqgl�huhqw ehwzhhq ehlqjhpsor|hg ru xqhpsor|hg lq htxloleulxp1 Ilupv fdq h{wudfw doo wkh zrunhu*v h{shfwhg uhqwv1 Wkhgrzqsd|phqw G lpsolhv wkdw wkh dvvhw ydoxh ri ehlqj xqhpsor|hg uhdgv

X @ !@u .��4 .U5 . �� QK �Q �Z � Xu � Gu � @ !u 1
Wkh grzqsd|phqw fdqqrw eh odujhu wkdq Z � X ehfdxvh rwkhuzlvh dq xqhpsor|hg zrunhu zrxogqrw dffhsw wr wdnh xs zrun1 Wkh h{shfwhg uhqwv ri wkh zrunhu kdyh wr eh odujh hqrxjk wr fryhu wkhvhw0xs frvw F/ l1h1/

F � G @ Z � X @ z � !u . ���n-2 . �� MM3� / +4;,
zkhuh zh xvh htxdwlrqv +49, dqg +4:,1 Lq htxloleulxp wklv frqglwlrq krogv zlwk htxdolw| vr wkdwwudqvihuv h{ dqwh r�vhw wkh uhglvwulexwlyh h�hfwv ri �ulqj frvwv h{ srvw dv qrwhg/ h1j1/ e| Pruwhqvhq
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dqg Slvvdulghv +4<<<,1 Wkh prgl�hg hqwu| frqglwlrq lq wkh grzqsd|phqw fdvh
Y +3, .G @ F

ghwhuplqhv wkh qxpehu ri �upv Q zkhuh erwk Y +3, dqg G ghfuhdvh lq Q +vhh Uhpdun 4 dqghtxdwlrq +4;,,1 Lq htxloleulxp wkh grzqsd|phqw pdnhv xqhpsor|hg zrunhuv lqgl�huhqw zkhwkhuwr lqfuhdvh I ru qrw ehfdxvh X @ !@u vr wkdw xqhpsor|phqw lv yroxqwdu|1 Lqfxpehqw zrunhuv/lqvwhdg/ kdyh dq lqwhuhvw wr lqfuhdvh �ulqj frvwv lq rughu wr surwhfw wkh uhqwv1 Jlyhq wkdw wkh rxwvlghrswlrq X uhpdlqv xqfkdqjhg/ htxdwlrq +49, lpsolhv wkdw
CZCI @ u . �5 �+z � !,�u . ��3Eonb�82 . ��2 A 3

li z A !1 Wkh jdlq iurp lqfuhdvlqj �ulqj frvwv lv kljkhu wkh orzhu wkh h�hfwlyh glvfrxqw udwh dqg wkhodujhu wkh uhqwv/ z� !1 Wkh odwwhu lv frqvlvwhqw zlwk wkh idfw wkdw wkh jhqhurvlw| ri xqhpsor|phqwlqvxudqfh +d odujhu !, lv qhjdwlyho| uhodwhg wr wkh vwulfwqhvv ri HSO dfurvv frqwlqhqwdo Hxurshdqfrxqwulhv +vhh/ h1j1/ Erhul hw do1 +5336,,1
Uhvxow 5 +Grzqsd|phqw, Kljkhu vhw0xs frvwv F lqfuhdvh wkh vfrsh iru �ulqj frvwv I 1

Surri= vhh wkh Dsshqgl{1Wkh odujhu duh wkh vhw0xs frvwv F/ wkh odujhu lv wkh �up*v lqdfwlrq udqjh lpsolhg e| wkh hqwu|dqg h{lw frqglwlrq1 Wklv lv h{sorlwhg e| lqfxpehqw zrunhuv exw �upv fdq xqgr wklv uhglvwulexwlrqli xqhpsor|hg zrunhuv frpshwh iru mrev dqg wudqvihu wkhlu h{shfwhg uhqwv wr wkh �up1 Lqfxpehqwzrunhuv olnh kljkhu vhwxs frvwv F ehfdxvh wkhvh lqfuhdvh wkh vfrsh iru �ulqj frvwv wr vhfxuh wkhuhqwv h{ srvw/ ru pruh suhflvho| wkh pd{lpdo dwwdlqdeoh I 1 Lqghhg/ lqfxpehqw zrunhuv zrxog kdyhdq lqfhqwlyh wr lqfuhdvh F wr F �/ F� A F/ lq rughu wr lqfuhdvh I vxevhtxhqwo|= lqfxpehqw zrunhuvgr qrw kdyh wr ehdu wkh frvw ri wkh kljkhu grzqsd|phqw F� exw ehqh�w iurp wkh kljkhu uhqwv lqwkh pdunhw1 Ri frxuvh/ wklv lqfhqwlyh lv erxqghg vlqfh kljkhu vhw0xs frvwv ghfuhdvh wkh qxpehu ri�upv lq htxloleulxp dqg wkh qxpehu ri �upv lv erxqghg ehorz1 Qrwh wkdw xqhpsor|hg zrunhuv duhlqgl�huhqw ehfdxvh wkh rxwvlgh rswlrq X lv xqd�hfwhg e| dvvxpswlrq1
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Iljxuh 5= Wkh dvvhw ydoxh ri wkh �up h{ srvw/ jurvv ri wkh grzqsd|phqw/ dv d ixqfwlrq ri �ulqjfrvwv iru gl�huhqw sur�w  rzv1
Zh looxvwudwh Uhvxow 5 qxphulfdoo| e| sorwwlqj wkh dvvhw ydoxh ri wkh �up h{ srvw/ jurvv ri wkhgrzqsd|phqw/ dv d ixqfwlrq ri �ulqj frvwv iru gl�huhqw sur�w  rzv +qrwh wkdw li wkh �up*v dvvhw ydoxhlqfoxghg wkh grzqsd|phqw/ wkh dvvhw ydoxh zrxog eh htxdo wr F iru doo I ,1 Wkh sdudphwhu ydoxhvduh fkrvhq wr looxvwudwh wkh vroxwlrq dv fohdu dv srvvleoh dqg qrw qhfhvvdulo| iru uhdolvp= u @ =48/� @ =9/ dqg � @ =581 Iljxuh 5 looxvwudwhv wkdw Y +3, lv prqrwrqlfdoo| ghfuhdvlqj lq I 1 Pruhryhu/kljkhu vhw0xs frvwv lqfuhdvh htxloleulxp sur�w  rzv vr wkdw wkh �ulqj frvwv lqfuhdvh zklfk pdnhwkh �up lqgl�huhqw zkhwkhu wr h{lw ru qrw1 Qrwh wkdw li I @ I4@ / U @ �4 vr wkdw �upv qhyhu �uhwkh zrunhu xqohvv wkh| forvh grzq iru h{rjhqrxv uhdvrqv1 Vlqfh I4@ @ +u . �,3�>

Y +3,m8'84@ @ � � �+u . �,3�+u . �, /
zklfk fdq eh uhdg r� dw wkh uljkw hqg ri wkh judsk1 Ixuwkhupruh/ qrwh wkdw lq Iljxuh 5 wkhgl�huhqfhv ehwzhhq wkh dvvhw ydoxhv ri wkh �up iru gl�huhqw sur�w  rzv duh pdjql�hg dv wkh �ulqjfrvw lqfuhdvhv= �upv hduq wkhvh sur�w  rzv uhodwlyho| orqjhu vlqfh wkh| forvh grzq zlwk d vpdoohusuredelolw|1Wkh dvvxpswlrq ri d grzqsd|phqw doorzhg xv wr lvrodwh wkh gluhfw h�hfw ri uhqwv rq �ulqj
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Iljxuh 6= Hpsor|phqw surwhfwlrq ohjlvodwlrq dqg |rxwk xqhpsor|phqw1 Vrxufh= Wkh HSO lqglfdwru
lv wdnhq iurp Qlfrohwwl hw do1 +4<<<, dv lq Iljxuh 41 Wkh gdwd iru |rxwk xqhpsor|phqw +djh 53057, dv d
shufhqwdjh ri wkh oderxu irufh/ X\/ lv wdnhq iurp RHFG +5335,/ Wdeoh 419d1
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Iljxuh 7= Hpsor|phqw surwhfwlrq ohjlvodwlrq dqg whpsrudu| hpsor|phqw ri |rxqj dgxowv1 Vrxufh=
Wkh HSO lqglfdwru lv wdnhq iurp Qlfrohwwl hw do1 +4<<<, dv lq Iljxuh 41 Wkh gdwd iru whpsrudu| hpsor|phqw
ri |rxqj dgxowv +djh 48057, dv d shufhqwdjh ri |rxqj dgxowv lq hpsor|phqw/ Whps\/ lv wdnhq iurp RHFG
+5335,/ Wdeoh 6161

4:



frvwv1 Dowkrxjk wkh dvvxpswlrq lv xvhixo iurp d prghoolqj shuvshfwlyh/ lw lv idu iurp uhdolvwlfwdnhq dw idfh ydoxh1 Kljk grzqsd|phqwv ri zrunhuv duh qrw revhuyhg lq uhdolw| dqg zdjhv whqgwr eh grzqzdug uljlg lq wkh vdph frxqwulhv wkdw kdyh vwulfw hpsor|phqw surwhfwlrq +vhh/ h1j1/Ehuwrod dqg Urjhuvrq +4<<:,,1 Krzhyhu/ oderu pdunhw hqwudqwv lq frxqwulhv zlwk vwulfw HSO duhpruh olnho| wr eh xqhpsor|hg/ ru frqglwlrqdo rq hpsor|phqw duh pruh olnho| wr kdyh d whpsrudu|frqwudfw1 Iljxuhv 6 dqg 7 glvsod| wkhvh srvlwlyh dqg vljql�fdqw fruuhodwlrqv iru |rxqj dgxowv19Wkxv/ grzqsd|phqwv gr qrw vhhp xquhdolvwlf li lqwhusuhwhg pruh orrvho| dv wudqvihu ri ydoxh0dgghglq0nlqg ru iulqjh ehqh�wv/ iurp wkh zrunhu wr wkh �up1
615 Qr Grzqsd|phqw
Lq wkh vhfrqg vfhqdulr zh gr qrw uhtxluh wkdw zrunhuv pdnh d grzqsd|phqw1 Lq wklv fdvh Uhvxow4 kdv vkrzq wkdw wkh qxpehu ri �upv Q lv vpdoohu wkh kljkhu wkh �ulqj frvwv I = kljkhu �ulqjfrvwv ghfuhdvh wkh ydoxh ri wkh �up vr wkdw frpshwlwlrq qhhgv wr idoo iru �upv* sur�wv wr lqfuhdvhvx!flhqwo| wr pdnh wkh htxloleulxp frqglwlrq Y +3, @ F krog djdlq1 Zh zloo qrz vkrz krz �ulqjfrvwv d�hfw wkh rxwvlgh rswlrq X ri zrunhuv1 Ehfdxvh grzqsd|phqwv duh qrw srvvleoh/ xqhpsor|phqwlv qr orqjhu yroxqwdu| dqg wkh dvvhw ydoxh ri wkh xqhpsor|hg lv gh�qhg e| htxdwlrq +4:,1 Zh fdqvroyh iru Z dqg X dv d ixqfwlrq ri Q dqg U vr wkdw

X @ !u . z � !u
���n-2 . �� �M3�u . ���n-2 . �� MM3� +4<,

dqg
Z @ zu � z � !u

���n-2 . ��u . ���n-2 . �� MM3� 1 +53,
Htxdwlrqv +4<, dqg +53, ghfrpsrvh wkh dvvhw ydoxhv lqwr wkh suhvhqw glvfrxqwhg ydoxh li wkh hp0sor|phqw vwdwh zhuh shupdqhqw dqg wkh fkdqjh ri wkh dvvhw ydoxh zklfk ghshqgv rq wkh wxuqryhulq wkh oderu pdunhw1

9Qrwh wkdw whpsrudu| frqwudfwv gr qrw lqfoxgh wkrvh zrunlqj dv iuhh odqfhu1 Wklv srvvleo| h{sodlqv wkh orz iudfwlrqri whpsrudu| mrev dprqj |rxqj dgxowv lq Lwdo| zklfk kdv txlwh vwulfw HSO1
4;



Uhpdun 5 +Qr Grzqsd|phqw, Wkh dvvhw ydoxh ri wkh xqhpsor|hg/ X / srvlwlyho| ghshqgv rqQ dqg qhjdwlyho| rq I +kroglqj Q frqvwdqw,1 Wkh dvvhw ydoxh ri wkh hpsor|hg/ Z / srvlwlyho|ghshqgv rq Q dqg I +kroglqj Q frqvwdqw,1
Surri= vhh wkh Dsshqgl{1Erwk/ wkh xqhpsor|hg dqg hpsor|hg zrunhuv duh ehwwhu r� li pruh �upv surgxfh lq htxloleulxp=xqhpsor|hg zrunhuv �qg dqrwkhu mre uhodwlyho| txlfnhu zklfk dovr lqfuhdvhv wkh dvvhw ydoxh ridq hpsor|hg1 Iru wklv uhdvrq Z dqg X qhjdwlyho| ghshqg rq wkh xqhpsor|phqw udwh x/ zkhuhx � +K �Q, @K dqg Q@+K � Q, @ x3� � 41 Lqvwhdg/ �ulqj frvwv orzhu wkh wxuqryhu ri mrev lqwkh hfrqrp|/ �+4 .U,@5 . �/ ehfdxvh wkh uhvhuydwlrq ydoxh U idoov dw zklfk �upv �uh1 Wklv pdnhvwkh xqhpsor|hg zruvh r� ehfdxvh wkh suredelolw| ri �qglqj d mre lv orzhu1 Zrunhuv lqvwhdg ehqh�wiurp �ulqj frvwv= wkh gluhfw h�hfw ri hduqlqj wkh uhqwv uhodwlyho| orqjhu rxwzhljkv wkh lqgluhfwh�hfw ri d orzhu rxwvlgh rswlrq1 Wkh h�hfw ydqlvkhv li wkhuh lv ixoo hpsor|phqw/ K @ Q / ehfdxvhX @ Z @ z@u lq wklv fdvh= zrunhuv lqvwdqwdqhrxvo| �qg d qhz mre rqfh wkh| duh �uhg vr wkdw wkhuhlv qr vfrsh iru hpsor|phqw surwhfwlrq +Qrwh/ krzhyhu/ wkdw wklv zrxog qrw qhfhvvdulo| eh wkh fdvhli �ulqj frvwv kdg d srvlwlyh h�hfw rq zdjhv,1Zh qrz dqdo|}h wkh ehqh�wv dqg frvwv ri hpsor|phqw surwhfwlrq iru lqfxpehqw zrunhuv1 Zhgh�qh wkh ehqh�w dv wkh gluhfw h�hfw ri �ulqj frvwv rq wkh dvvhw ydoxh ri wkh hpsor|hg zrunhu/ Z /zkhuhdv wkh frvw lv gh�qhg dv wkh jhqhudo htxloleulxp h�hfw ri �ulqj frvwv rq wkh qxpehu ri �upv1

Uhvxow 6 +Qr Grzqsd|phqw, Lqfxpehqw zrunhuv ehqh�w uhodwlyho| pruh iurp �ulqj frvwv livhw0xs ru �ulqj frvwv duh kljk1
Surri= vhh wkh Dsshqgl{1Wkh lqwxlwlrq lv wkdw pruh uhjxodwlrq lq surgxfw ru oderu pdunhwv ghfuhdvhv wkh qxpehu ri �upvQ 1 Dv vkrzq lq Uhpdun 5 wklv ghfuhdvhv wkh rxwvlgh rswlrq ri lqfxpehqw zrunhuv dqg uhvxowv lq dvwurqjhu lqfhqwlyh wr surwhfw wkh vwdwxv txr1:

:Wkh idfw wkdw orzhu wxuqryhu dqg zruvh uhhpsor|phqw survshfwv lqfuhdvh zrunhuv* ehqh�w ghulyhg iurp hpsor|0phqw surwhfwlrq lv qrwhg lq d gl�huhqw frqwh{w e| Vdlqw0Sdxo +4<<8/ 4<<:,1
4<



Ohw xv qrz wxuq wr wkh frvwv ri hpsor|phqw surwhfwlrq zkhuh zh dvvxph wkdw zrunhuv dqwlflsdwhwkh jhqhudo htxloleulxp h�hfw ri �ulqj frvwv rq wkh qxpehu ri �upv1
Uhvxow 7 +Qr Grzqsd|phqw, Wkh frvwv ri hpsor|phqw surwhfwlrq idoo wkh kljkhu wkh vhw0xsfrvwv F1

Surri= vhh wkh Dsshqgl{1Wkh lqwxlwlrq lv wkdw sur�wv ghfuhdvh exw dw d ghfuhdvlqj udwh +vhh htxdwlrqv +8, dqg +9,,1 Khqfh/lq d uhodwlyho|  h{leoh hfrqrp| zlwk d odujh qxpehu ri �upv/ Q kdv wr idoo uhodwlyho| pruh diwhu dqlqfuhdvh ri F iru wkh hqwu| frqglwlrq Y +3, @ F wr eh vdwlv�hg1Lw lv lpsruwdqw wr qrwh wkdw wkh frvwv ri HSO duh qrw qhfhvvdulo| vpdoo iru zrunhuv li Y�Y8 lvvpdoo1 Hpslulfdoo|/ wkh hpsor|phqw h�hfwv ri HSO vhhp wr eh vpdoo +vhh/ h1j1/ RHFG +4<<<,,1 Lwwkhq ghshqgv rq wkh vl}h ri Y`Y� zkhwkhu wkh frvw ri HSO lv vxevwdqwldo ru qrw1 Zh zloo surylgh dqxphulfdo looxvwudwlrq ehorz diwhu kdylqj suhvhqwhg wkh srolwlfdo hfrqrp| vhwxs1
7 Srolwlfr0Hfrqrplf Frqvlghudwlrqv
Zh irfxv rq wkh fdvh ri qr grzqsd|phqw +wkh grzqsd|phqw fdvh |lhogv txdolwdwlyho| wkh vdphuhvxowv wr wkh dqdo|vlv ri xqlrqv zlwk vkruw0uxq lqwhuhvw ehorz,1 Pruhryhu/ zh irfxv rq wkh uroh rilqfxpehqw zrunhuv zkr ghflgh rq I iru d jlyhq F1 Dv zh kdyh vkrzq lq Uhpdun 5 xqhpsor|hgzrunhuv duh zruvh r� zlwk oderu dv zhoo dv surgxfw pdunhw uhjxodwlrq1 Khqfh/ wkh frpsohphqwdulw|ehwzhhq surgxfw dqg oderu pdunhw uhjxodwlrq revhuyhg lq uhdolw| fuxfldoo| ghshqgv rq lqfxpehqwzrunhuv zkr duh wkh rqo| rqhv ehqh�wlqj iurp hpsor|phqw surwhfwlrq1 Zh dvvxph wkdw wkh zrunhuv*uhsuhvhqwdwlyh fkrrvhv �ulqj frvwv wkdw pd{lpl}h wkh vxp ri zrunhuv* zhoiduh/ l1h1/

pd{8 QZ 1
Wklv lpsolhv wkdw wkh zrunhuv* oree| grhv qrw fduh derxw wkh xqhpsor|hg dv lq lqvlghu prghov rixqlrqv1 Xqiruwxqdwho|/ wkh hpslulfdo hylghqfh rq wklv pdwwhu lv udwkhu lqfrqfoxvlyh +vhh/ h1j1/ wkh
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vxuyh| ri Ohyhu dqg ydq Yhhq +4<<4,,1 Zh frqvlghu wkh dvvxpswlrq d xvhixo vwduwlqj srlqw1 Wkh�uvw0rughu frqglwlrq ri wkh pd{lpl}dwlrq sureohp lv
CQCI �Z .Q CZCQ �.Q CZCI @ 3 1 +54,

Jlyhq Uhvxowv 6 dqg 7 wklv �uvw0rughu frqglwlrq lpsolhv wkdw wkh vfrsh iru hpsor|phqw surwhfwlrqlqfuhdvhv li surgxfw pdunhwv duh pruh uhjxodwhg1 Wkh vfrsh ri hpsor|phqw surwhfwlrq lv gh�qhg dvwkh lqwhuydo ri I iru zklfk wkh ohiw0kdqg0vlgh ri htxdwlrq +54, lv zhdno| srvlwlyh1
Uhvxow 8 +Qr Grzqsd|phqw, Vhw0xs frvwv lqfuhdvh wkh vfrsh iru �ulqj frvwv1

Surri= vhh wkh Dsshqgl{1Zh qrz looxvwudwh Uhvxow 8 qxphulfdoo|1 Wdeoh 4 glvsod|v wkh sdudphwhu ydoxhv zklfk duh fkrvhqdv dq h{dpsoh udwkhu wkdq qhfhvvdulo| iru uhdolvp1
Wdeoh 4= Sdudphwhu Ydoxhv

u @ =48 % @ 6� @ =58 z @ =8� @ =9 ! @ 3K @ Q li I @ =8>F @ =4
Zh dvvxph ixoo hpsor|phqw iru wkh  h{leoh hfrqrp| zlwk wkh orzhvw �ulqj frvwv dqg surgxfwpdunhw uhjxodwlrq/ l1h1/ K @ Q li I @ =8 dqg F @ =41;Lq wkh sorw ri wkh qhfhvvdu| frqglwlrq lq Iljxuh 8 �ulqj frvwv ghfuhdvh zhoiduh iru lqfxpehqwzrunhuv li vhw0xs frvwv duh vpdoo= wkh qhfhvvdu| frqglwlrq lv dozd|v qhjdwlyh iru F @ =41 Krzhyhu/pruh uhjxodwhg surgxfw pdunhwv pdnh �ulqj frvwv ohvv ri d edg ghdo= dv vkrzq dqdo|wlfdoo| lq Uhvxow8/ wkh qhfhvvdu| frqglwlrq vkliwv xszdug dv vhw0xs frvwv lqfuhdvh1 Vlqfh wkh qhfhvvdu| frqglwlrq

;Iru dq lqwhulru vroxwlrq zh qhhg wkdw 8 : f dqg2ru � : f 1 Li 8 ' � ' f/ wkhuh h{lvwv qr qxpehu ri �upv � vrwkdw T Ef� ' f1 Wklv lv ehfdxvh wkh h�hfw ri h{rjhqrxv fkxuqlqj/ zklfk jxdudqwhhv dq lqwhulru vroxwlrq/ ydqlvkhv dv8 < f1
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Iljxuh 8= Wkh qhfhvvdu| frqglwlrq dv d ixqfwlrq ri I iru gl�huhqw F
lqfuhdvhv lq I / wkh rswlpdo I W @ I4@ li wkh qhfhvvdu| frqglwlrq lv zhdno| srvlwlyh iru vrph I 1Lqghhg/ I W @ I4@ li F @ =7 dqg F @ =: exw I W @ 3 iru F @ =41 Dv phqwlrqhg deryh/ iru kljk Fdqg I wkh jhqhudo htxloleulxp h�hfw CQ@CI ehfrphv qhjoljleo| vpdoo1 Wkh frvwv ri HSO ehfrphohvv lpsruwdqw zkhuhdv wkh ehqh�wv ri HSO lqfuhdvh1Kdylqj vkrzq wkdw rxu vlpsoh prgho fdq h{sodlq wkh srvlwlyh fruuhodwlrq ehwzhhq HSO dqgSPU/ zh qrz glvfxvv wkh urexvwqhvv ri wkh uhvxowv1 Iluvw zh dgdsw rxu prgho wr dqdo|}h zkdwkdsshqv li wkh zrunhu*v oree| qhjohfwv ru khdylo| glvfrxqwv wkh jhqhudo htxloleulxp h�hfw1 Vhfrqgzh glvfxvv rwkhu idfwruv wkdw duh lpsruwdqw exw rxwvlgh rxu prgho1
Xqlrqv zlwk vkruw0uxq lqwhuhvw Lq wklv vxevhfwlrq zh fkdudfwhul}h wkh srolwlfr0hfrqrplf htxl0oleulxp li xqlrqv glvfrxqw wkh jhqhudo htxloleulxp h�hfwv khdylo|1 Lqghhg/ wkh jhqhudo htxloleulxph�hfwv pljkw qhhg d orqj wlph wr zrun wkhpvhoyhv rxw vr wkdw lq suhvhqw0glvfrxqwhg whupv wkh|fdq eh qhjohfwhg +h{rjhqrxv h{lw dqg uhvxowlqj hqwu| wdnh wlph iru wkh hfrqrp| wr uhdfk wkh qhzhtxloleulxp1 Dv dvvxphg lq Eodqfkdug dqg Jldyd}}l +5336,/ Q pljkw eh jlyhq lq wkh vkruw uxq dqg h{leoh rqo| lq wkh orqj uxq,1 Wr dgdsw rxu prgho lq wkh vlpsohvw srvvleoh zd| zh dvvxph wkdw
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Iljxuh 9= Wkh xqlrq zlwk vkruw0uxq lqwhuhvw= wkh �uvw0rughu frqglwlrq dv d ixqfwlrq ri I iru gl�huhqwF
wkhuh lv d txdgudwlf frvw iru oree|lqj vr wkdw xqlrqv pd{lpl}h

pd{8 QZ � 4�I 2 1
Wkh �uvw0rughu frqglwlrq lv

Q CZCI m� � 5�3�I @ 3
zklfk zh sorw lq Iljxuh 9 iru � @ 5331Qrwh wkdw wkh qhfhvvdu| frqglwlrq ghfuhdvhv lq I xqohvv zh frqvlghu wkh udqjh ri sdudphwhuvlq wkh ylflqlw| ri I @ =8 dqg F @ =4 zkhuh zh dvvxph K @ Q vr wkdw CZ@CI mQ lqfuhdvhv iurp}hur wr d srvlwlyh qxpehu1 Wkh qhjdwlyh vorsh ri wkh qhfhvvdu| frqglwlrq lq Iljxuh 5 lpsolhv wkdwwkh rswlpdo I W lv ghwhuplqhg e| wkh �uvw0rughu frqglwlrq1 Wkh rswlpdo �ulqj frvw lqfuhdvhv liwkh surgxfw pdunhw lv pruh uhjxodwhg +d kljkhu F,= I W A 3 rqo| iru F @ =:1 Wkh lqwxlwlrq lvvwudljkwiruzdug jlyhq Uhvxow 61
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H{whqvlrqv Zh qrz zdqw wr glvfxvv wkuhh h{whqvlrqv ri wkh prgho zkhuh wkh �uvw wzr duh uhodwhg=hqgrjhqrxv sulfh dqg zdjh h�hfwv uhvxowlqj iurp fkdqjhv lq frpshwlwlrq/ dqg ulvn dyhuvlrq1l, hqgrjhqrxv sulfh h�hfwvLi zh doorz fkdqjhv lq frpshwlwlrq wr d�hfw wkh zrunhuv* frqvxpswlrq sulfh lqgh{ SS/ HSO dqgsurgxfw pdunhw uhjxodwlrq lpso| dq dgglwlrqdo frvw1 Erwk ghfuhdvh wkh htxloleulxp qxpehu ri �upvvr wkdw frpshwlwlrq idoov dqg wkh pdunxs lqfuhdvhv1 Dvvxph wkdw fkdqjhv lq frpshwlwlrq duh ixoo|sdvvhg rq wr wkh frqvxpswlrq sulfh lqgh{1 Iurp htxdwlrq +7, zh nqrz wkdw wkh pdunxs p lv
p � �4� �+Q,3��3� 1

Lw iroorzv wkdw
CpCQ @ �C�+Q,CQ +�+Q,� 4,32 ? 3

vlqfh C�+Q,@CQ A 3 dv vkrzq lq htxdwlrq +5,1 Jlyhq wklv surshuw| ri wkh pdunxs/ wkh frvw riuhjxodwlrq lqfuhdvhv ehfdxvh CZ@CSS ? 3 dqg CSS@CQ ? 31 Wkh uhvxowv phqwlrqhg deryh uhpdlqtxdolwdwlyho| wkh vdph1ll, hqgrjhqrxv zdjh h�hfwvDvvxplqj wkdw zdjhv duh h{rjhqrxv lv d vwurqj dvvxpswlrq zklfk lv rqo| mxvwl�hg wr vlpsoli|wkh prgho1 Hqgrjhqrxv zdjhv/ krzhyhu/ gr qrw fkdqjh qhfhvvdulo| wkh txdolwdwlyh lqvljkwv ri wkhvlpsohu prgho1 Lq rughu wr pdnh wklv srlqw/ dvvxph wkdw zdjhv duh ghwhuplqhg e| Qdvk edujdlqlqjdv douhdg| phqwlrqhg deryh=
z @ +4� �,!. �+�+Q, . uI , 1

Uhfdoo wkdw � lv wkh edujdlqlqj srzhu ri wkh zrunhu dqg � duh wkh �up*v uhyhqxhv zklfk duh dghfuhdvlqj ixqfwlrq ri Q 1 Erwk vhw0xs frvw F dqg �ulqj frvw I lqfuhdvh qrplqdo zdjhv ehfdxvhgQ@gF ? 3 dqg gQ@gI ? 3 +dv vkrzq lq Uhvxow 4,= uhyhqxhv � lqfuhdvh ri zklfk zrunhuv rewdlqd vkduh1 Pruhryhu/ �ulqj frvwv lqfuhdvh zdjhv gluhfwo| ehfdxvh wkh| fuhdwh d krog0xs sureohpwkdw lqfuhdvhv zrunhuv* edujdlqlqj srzhu h{ srvw +vhh/ h1j1/ Pruwhqvhq dqg Slvvdulghv +4<<<, ru
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Fdedoohur dqg Kdpprxu +4<<:,,1 Khqfh/ pruh uhjxodwlrq/ eh lw lq wkh oderu ru surgxfw pdunhw/lqfuhdvhv wkh qrplqdo uhqwv ri lqfxpehqw zrunhuv dqg wkxv dovr wkh frvwv ri HSO lq whupv ri wkhjhqhudo htxloleulxp h�hfw rq wkh qxpehu ri �upv1 Wkh uhdvrq lv wkdw pruh uhjxodwlrq ghfuhdvhvwkh htxloleulxp qxpehu ri �upv dqg lqfuhdvhv uhyhqxhv ehfdxvh ri wkh orzhu frpshwlwlrq1 Exwsduw ri wklv lqfuhdvh lv sdvvhg rq wr zrunhuv vr wkdw sur�wv lqfuhdvh pruh vorzo| dqg wkh jhqhudohtxloleulxp h�hfw gQ@gF ru gQ@gI lv dpsol�hg1 Pruhryhu/ CZ@CQ fdq lqfuhdvh li rqh doorzviru erwk hqgrjhqrxv zdjhv dqg sulfhv1 Rqh wkh rqh kdqg wkhuh lv dq dgglwlrqdo qhjdwlyh h�hfw rifrpshwlwlrq rq qrplqdo zdjhv1 Rq wkh rwkhu kdqg frpshwlwlrq ghfuhdvhv sulfhv vr wkdw wkh uhdozdjh fdq yhu| zhoo lqfuhdvh zlwk Q dv orqj dv wkh zrunhu*v vkduh ri uhyhqxhv � lv vpdoohu wkdqwkh udwh ri sdvv0wkurxjk wr frqvxpswlrq sulfhv +vhh Eodqfkdug dqg Jldyd}}l +5336,,1 Lq wklv fdvh/hqgrjhqrxv zdjh dqg sulfh h�hfwv lqfuhdvh wkh frvwv ri uhjxodwlrq +CZ@CQ,gQ@gI dqg ghfuhdvhwkh ehqh�wv YỲ8 m� vlqfh uhdo zdjhv ri lqfxpehqw zrunhuv idoo1 Khqfh/ hqgrjhqrxv zdjhv dqg sulfhvshu vh gr qrw h{sodlq qhfhvvdulo| wkh frpsohphqwdulw| ehwzhhq HSO dqg SPU1 Krzhyhu/ li rqhdoorzv fkdqjhv lq frpshwlwlrq wr d�hfw wkh hodvwlflw| ri oderu ghpdqg/ Vshfwru +5335, vkrzv wkdwsurgxfw pdunhw uhjxodwlrq fdq pdnh zrunhuv ehwwhu r�1 Ohvv frpshwlwlrq ghfuhdvhv wkh hodvwlflw|ri oderu ghpdqg dqg vwuhqjwkhqv wkh edujdlqlqj srvlwlrq ri zrunhuv1 Wr vxp xs/ hqgrjhqrxv zdjhvdqg sulfhv lqwurgxfh d qxpehu ri dgglwlrqdo h�hfwv zlwk rssrvlwh vljqv1 Zkhwkhu surgxfw pdunhwuhjxodwlrq lqfuhdvhv ru ghfuhdvhv uhdo uhqwv dqg wkxv wkh lqfhqwlyh ri zrunhuv wr surwhfw vxfk uhqwvghshqgv rq wkh dvvxpswlrqv derxw wkh uhodwlyh vwuhqjwk ri wkh h�hfwv1lll, ulvn dyhuvlrqDvvxplqj wkdw zrunhuv duh ulvn qhxwudo/ zh kdyh devwudfwhg iurp dgglwlrqdo glphqvlrqv ri hp0sor|phqw surwhfwlrq zklfk dulvh zkhq djhqwv duh ulvn dyhuvh1 Lq wklv fdvh hpsor|phqw surwhfwlrq fdqeh d vxevwlwxwh iru lqvxudqfh lq lqfrpsohwh pdunhwv +vhh/ h1j1/ Ehuwrod/ 5336,1 Wkh lqvxudqfh prwlyhlqfuhdvhv wkh ehqh�wv ghulyhg iurp HSO1 Pruhryhu/ vxfk lqvxudqfh zloo eh sduwlfxoduo| ghvludeoh lioderu ru surgxfw pdunhwv duh douhdg| uhjxodwhg1 Wklv lv ehfdxvh oderu wxuqryhu lv uhodwlyho| orz lquhjxodwhg pdunhwv dqg djhqwv fdq srruo| vhoi0lqvxuh wkhpvhoyhv lq lqfrpsohwh �qdqfldo pdunhwv lixqhpsor|phqw vshoov duh orqj +vhh/ h1j1/ Ghdwrq +4<<5,/ fk1 9/ rq wkh lqh�hfwlyhqhvv ri ex�hu0vwrfn
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vdylqj iru shuvlvwhqw lqfrph vkrfnv,1 Lqghhg/ wkh pruh vhyhuh wkh �qdqfldo pdunhw lpshuihfwlrq/ wkhpruh djhqwv suhihu ohvv wxuqryhu +vhh Ehuwrod dqg Nrhqljhu/ 5336,1 Khqfh/ ulvn dyhuvlrq ri zrunhuvkdv wkh srwhqwldo wr h{sodlq zk| xqlrqv oree| pruh iru HSO li uhjxodwhg surgxfw pdunhwv lqfuhdvhxqhpsor|phqw gxudwlrq1
8 Frqfoxvlrqv dqg Ixuwkhu Uhvhdufk
Zh kdyh vkrzq wkdw zrunhuv oree| pruh iru hpsor|phqw surwhfwlrq li surgxfw pdunhwv duh pruhuhjxodwhg1 Pruh uhjxodwlrq ghfuhdvhv hpsor|phqw vr wkdw wkh rxwvlgh rswlrq ri zrunhuv ehfrphvzruvh1 Wklv vwuhqjwkhqv wkh lqfhqwlyh ri lqfxpehqw zrunhuv wr surwhfw wkhlu mre1 Iurp d srolf|shuvshfwlyh wklv lv sduwlfxoduo| uhohydqw iru wkh HX1 Li wkh uhfhqw ghuhjxodwlrq ri surgxfw pdunhwv uh0vxowv lq hpsor|phqw jdlqv/ lqwurgxflqj pruh  h{lelolw| lq wkh oderu pdunhw vkrxog ehfrph uhodwlyho|hdvlhu iurp d srolwlfr0hfrqrplf shuvshfwlyh1Wr eh pruh frq�ghqw derxw wkh uhvxowv/ lw lv qhfhvvdu| wr doorz iru pxowlsoh0zrunhu �upv do0wkrxjk wkh vroxwlrq zloo rqo| eh rewdlqdeoh qxphulfdoo|1 Wklv jlyhv �upv dq dgglwlrqdo pdujlq ridgmxvwphqw dqg uhqghuv erwk wkh dqdo|vlv ri hpsor|phqw surwhfwlrq dqg surgxfw pdunhw uhjxodwlrqpruh phdqlqjixo1 Pruhryhu/ lq rxu prgho d fuxfldo ghwhuplqdqw ri wkh rxwfrphv lv wkh vwdwxv txrri uhjxodwlrq1 Lqghhg/ zrunhuv kdyh olwwoh lqwhuhvw wr lqfuhdvh �ulqj frvwv li wkhuh lv ixoo hpsor|0phqw lq wkh hfrqrp|> dqg zrunhuv gr qrw ehqh�w qhfhvvdulo| iurp surgxfw pdunhw uhjxodwlrq liwkh ghfuhdvh lq frpshwlwlrq ihhgv edfn lqwr kljkhu frqvxpswlrq sulfhv1 Wkxv/ lw pljkw vhhp sx}0}olqj krz frxqwulhv hqg xs zlwk khdy| uhjxodwlrq1 Rqh srvvlelolw| lv wkdw h{rjhqrxv vkrfnv lq dprgho zlwk pxowlsoh htxloleuld kdyh uhvxowhg lq gl�huhqw rxwfrphv iru rwkhuzlvh vlplodu frxqwulhv+vhh/ h1j1/ Kdvvohu hw do1 +5335, iru d prgho dorqj wkhvh olqhv h{sodlqlqj gl�huhqfhv lq oderu pdunhwuhjxodwlrq dfurvv frxqwulhv,1 Lq wklv sdshu zh kdyh wdnhq dqrwkhu urxwh e| dujxlqj wkdw gl�huhqfhvlq surgxfw pdunhw uhjxodwlrq duh ghwhuplqhg e| gl�huhqfhv lq ixqgdphqwdov ehwzhhq Dqjor0Vd{rqdqg frqwlqhqwdo Hxurshdq frxqwulhv/ vxfk dv gl�huhqfhv lq hqirufhphqw ri dqwl0wuxvw odzv +vhh OdSruwd hw do1 +4<<;, iru pruh ghwdlov rq wkh gl�huhqfhv lq wkh mxglfldo v|vwhp ehwzhhq Dqjor0Vd{rq
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frpprq0odz dqg frqwlqhqwdo Hxurshdq flylo0odz frxqwulhv,1 Zh kdyh vkrzq wkdw wkhvh gl�huhqfhvlq surgxfw pdunhw uhjxodwlrq hqgrjhqrxvo| lqgxfh gl�huhqw lqfhqwlyhv iru uhjxodwlrq lq wkh oderupdunhw1 Pruh uhvhdufk lv qhhghg wr ehwwhu xqghuvwdqg krz dqg zk| frxqwulhv gl�hu vxevwdqwldoo|lq whupv ri uhjxodwlrq1

5:



Dsshqgl{
Surri ri Uhpdun 4=
Wdnlqj sduwldo ghulydwlyhv ri htxdwlrq +47, zh jhw/

CY +3,CQ @ D C�CQ ? 3 /
zkhuh

D � uu . � 4u . ��3Eonb�82dqg wkh lqhtxdolw| iroorzv ehfdxvh C�@CQ ? 3 +vhh htxdwlrq +8,,1 Wkh sduwldo ghulydwlyh CY +3,@CI
+kroglqj Q frqvwdqw, lv

CY +3,CI b �+u . �,F . ��+u . �,u+u . �, I � �2u5 +4� +u . �,I ,2+5u . �+4� +u . �,I ,,+u . �,� �uu . � +4� +u . �,I , . �2u5+u . �,+4� +u . �,I ,2 � �u . � +5u . �+4� +u . �,I ,,/
zkhuh zh kdyh vxevwlwxwhg �+Q, xvlqj wkh hqwu| frqglwlrq +45,1 Wklv h{suhvvlrq lv phvv| dqg qrw yhu|
lqvljkwixo exw lw lv lpphgldwh wkdw

CY +3,CI ? 3 li F ? FW/
zkhuh FW lv lpsolflwo| ghwhuplqhg e| wkh htxdwlrq CY +3,@CI @ 31 Qrwh wkdw wklv frqglwlrq lv vx!flhqw exw
qrw qhfhvvdu|1 Khxulvwlfdoo|/ wkhuh duh wzr rssrvlqj h�hfwv dw zrun= rq wkh rqh kdqg �ulqj frvwv ghfuhdvh
wxuqryhu dqg ohw �upv hduq sur�wv uhodwlyho| orqjhu1 Rq wkh rwkhu kdqg/ �ulqj frvwv gluhfwo| ghfuhdvh wkh
dvvhw ydoxh ri wkh �up vlqfh od|lqj r� wkh zrunhu ehfrphv pruh frvwo|1 Wkh odwwhu h�hfw kdv wr grplqdwh wkh
iruphu dv orqj dv �ulqj frvwv kdyh vrph elwh1 Wkhuh lv qr h{whuqdolw| lq wkh prgho wkdw �ulqj frvwv doohyldwh
vr wkdw wkh frqvwudlqw ri �ulqj frvwv ghfuhdvh wkh dvvhw ydoxh ri wkh �up1�

Surri ri Uhvxow 4=
Wkh hqwu| frqglwlrq +45, dqg Uhpdun 4 lpso| wkdw

gQgF @ ^CY +3,@CQ `3� ? 3 +55,
5;



dqg
gQgI @ � CY +3,@CICY +3,@CQ ? 3 1 +56,

Jlyhq htxdwlrq +5,/ lw lpphgldwho| iroorzv wkdw � ghfuhdvhv1�
Surri ri Uhvxow 5=
Wkh pd{lpdo �ulqj frvwv dwwdlqdeoh iru zrunhuv duh lpsolflwo| ghwhuplqhg e| wkh htxdwlrq Y +3, @ 31

Lpsolflw gl�huhqwldwlrq ri wkh h{lw frqglwlrq lpsolhv
gIgF @ � YT Ef�Y�YT Ef�Y8

CQCF A 3 /
zkhuh xvh wkh idfw wkdw lq wkh grzqsd|phqw fdvh CQ@CI @ 31 Wkh srvlwlyh vljq iroorzv iurp Uhpdun 4
dqg Uhvxow 41�

Surri ri Uhpdun 5=
Wdnlqj sduwldo ghulydwlyhv ri htxdwlrqv +4<, dqg +53, dqg xvlqj htxdwlrq +44,/ zh jhw

CXCQ@z� !u ��4 .U5 . ��K u . ��n-2 . ��u+K �Q, . ���n-2 . ��K�2A 3 /
CXCI @ �+u . �,z � !u Q��u+K �Q, . ���n-2 . �� +K �Q,�5 �u+K �Q, . ���n-2 . ��K�2 ? 3 /

CZCQ @ z � !u
���n-2 . ��2 MEM3��2�u . ���n-2 . �� MM3� �2 A 3 /

CZCI @ +z � !, +K �Q,2 +u . �, b2�u+K �Q, . ���n-2 . ��K�2 A 3 /
li z A ! dqg K A Q 1 Iru K @ Q /

CZCI @ 3
5<



dqg CZCQ @ +z � !,K ��n-2u+��n-2 . �, 1�
Surri ri Uhvxow 6=
Xvlqj wkh sduwldo ghulydwlyh ghulyhg lq Uhpdun 5/ zh fdq vkrz wkdw

C2ZCI 2 @ 5+z� !, �M3�M +u . �, b2�2�uM3�M . ���n-2 . ���� A 3 /
kroglqj Q frqvwdqw/ dqgC2ZCICQ @ � +z� !,K +K �Q, +u . �,� ���n-2 . ���u+K �Q, .K+��n-2 . �,�� ? 3/

li z A ! dqg K A Q 1
Wkh vhfrqg furvv0ghulydwlyh lpsolhv wkdw C2ZCICF � 3

jlyhq wkdw _�_� ? 3 dv vkrzq lq Uhvxow 41�
Surri ri Uhvxow 7=
Xvlqj Uhvxow 4 zh fdq zulwh wkh frvwv ri hpsor|phqw surwhfwlrq iru lqfxpehqw zrunhuv dvCZCQ gQgI @ �CZCQ CY +3,@CICY +3,@CQ ? 3 1
Xvlqj wkh sduwldo ghulydwlyhv ghulyhg lq Uhpdun 4 dqg 5 zh fdq vkrz wkdw

C2ZCQ2 @ z � !u K u ���n-2 . �. ��2�u+K �Q, . ���n-2 . �. ��K�� A 3 /
C2Y +3,CQCI @ � uu . � � Eonb�2 +4� u,�u . ��3Eonb�82 �2 C�CQ ? 3
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kroglqj Q frqvwdqw zkhq wdnlqj wkh furvv0ghulydwlyh dqg
C2Y +3,CQ2 @ uu . � 4u . � E�3Eonb�8 �2

C2�CQ2 A 3
vlqfh

C2�CQ2 A 31
Uhfdoolqj iurp Uhpdun 4 wkdw CY +3,@CI ? 3 dqg CY +3,@CQ ? 3/ dqg gQ@gF ? 3 iurp Uhvxow 4/ wkhvh
sduwldo ghulydwlyhv lpso| wkdw

C ����CZCQ gQgI ���� @CF ? 3 1
�

Surri ri Uhvxow 8=
Qrwh wkdw li wkh ohiw0kdqg vlgh ri htxdwlrq +54, lv srvlwlyh djhqwv suhihu odujhu �ulqj frvwv1 Wdnlqj d

sduwldo ghulydwlyh ri wkh ohiw0kdqg vlgh ri wkh �uvw0rughu frqglwlrq +54, zlwk uhvshfw wr F/ zh jhw
CQCICF �Z .QCZCQ �. 5CQCI CQCF CZCQ .Q CQCI CQCF C2ZCQ2 . CQCF CZCI .Q CZCICF 1 +-,

Lw uhpdlqv wr eh vkrzq wkdw wkh h{suhvvlrq kdv d srvlwlyh vljq1 Qrwh wkdw wkh vljqv ri wkh sduwldo ghulydwlyhv
ghulyhg lq wkh Uhpdunv dqg Uhvxowv deryh lpso| wkdw

CQCICF @ � Y2T Ef�Y�Y8 YT Ef�Y� � Y2T Ef�Y�2 YT Ef�Y8�YT Ef�Y� �2 CQCF A 31
Wkh rqo| qhjdwlyh whup lq h{suhvvlrq +-, lv Y�Y� YỲ8 1 Lw lv vx!flhqw iru h{suhvvlrq +-, wr eh srvlwlyh wkdw wkh
vhfrqg whup lv odujhu wkdq wkh irxuwk=

�5CQCI CZCQ A CZCI /
zkhuh zh kdyh glylghg e| CQ@CF ? 31 Xvlqj wkh �uvw0rughu frqglwlrq +54, zh vxevwlwxwh

CZCI @ �CQCI �ZQ . CZCQ �
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vr wkdw wkh frqglwlrq fdq eh uhduudqjhg wr
CZCQ A ZQ 1

Wklv lqhtxdolw| lv vdwlv�hg ehfdxvh/ dv vkrzq lq Uhvxow 7/
C2ZCQ2 A 3 1

�
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Uhihuhqfhv
^4` Dpdeoh/ Euxqr dqg Grqdwhood Jdwwl +5334,= �Surgxfw Pdunhw Frpshwlwlrq dqg Hpsor|phqwSurwhfwlrq= d Fdvh iru Srolf| Frpsohphqwdulw|�/ plphr1
^5` Ehorw/ Plfkhoh +5335,= �Zk| lv wkh Hpsor|phqw Surwhfwlrq Vwulfwhu lq Hxursh wkdq lq wkhXVB�/ Wloexuj Xqlyhuvlw|/ plphr1
^6` Ehuwrod/ Jlxvhssh +5336,= �D Sxuh Wkhru| ri Mre Vhfxulw| dqg Oderu Lqfrph Ulvn�/ Uhylhzri Hfrqrplf Vwxglhv/ iruwkfrplqj1
^7` Ehuwrod/ Jlxvhssh dqg Zlqiulhg Nrhqljhu +5336,= �Frqvxpswlrq Vprrwklqj dqg wkh Vwuxfwxuhri Oderu dqg Fuhglw Pdunhwv�/ L]D/ plphr1
^8` Ehuwrod/ Jlxvhssh dqg Ulfkdug Urjhuvrq +4<<:,= �Lqvwlwxwlrqv dqg Oderu Uhdoorfdwlrq�/ Hx0urshdq Hfrqrplf Uhylhz/ yro1 74/ 447:0:41
^9` Ehuwudqg/ Pduldqqh dqg Iudqflv Nudpdu} +5335,= �Grhv Hqwu| Uhjxodwlrq Klqghu Mre Fuh0dwlrqB Hylghqfh iurp wkh Iuhqfk Uhwdlo Lqgxvwu|�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ yro1 44:/469<07471
^:` Eodqfkdug/ Rolylhu dqg Iudqfhvfr Jldyd}}l +5336,= �Pdfurhfrqrplf H�hfwv ri Uhjxodwlrq dqgGhuhjxodwlrq lq Jrrgv dqg Oderu Pdunhwv�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ yro1 44;/ ;:<0<3:1
^;` Erhul/ Wlwr/ M1 Ljqdflr Frqgh0Uxl} dqg Ylqfhq}r Jdodvvr +5336,= �Surwhfwlqj Djdlqvw OderuPdunhw Ulvn= Hpsor|phqw Surwhfwlrq ru Xqhpsor|phqw Ehqh�wvB�/ L]D Glvfxvvlrq Sdshu Qr1;671
^<` Erwhur/ Mxdq/ Vlphrq Gmdqnry/ Udidho Od Sruwd/ Ioruhqflr Orsh}0gh0Vlodqhv dqg DqguhlVkohlihu +5336,= �Wkh Uhjxodwlrq ri Oderu/� QEHU Zrunlqj Sdshu Qr1 <:891
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^43` Fdedoohur/ Ulfdugr M1 dqg Prkdpdg O1 Kdpprxu +4<<:,= �Wkh Pdfurhfrqrplfv ri Vshfl0�flw|�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ yro1 439/ :5709:1
^44` Ghdwrq/ Dqjxv +4<<5,= Xqghuvwdqglqj Frqvxpswlrq/ R{irug Xqlyhuvlw| Suhvv1
^45` Gmdqnry/ Vlphrq/ Udidho Od Sruwd/ Ioruhqflr Orsh}0gh0Vlodqhv/ Dqguhl Vkohlihu +5335,= �WkhUhjxodwlrq ri Hqwu|�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ yro1 44:/ 406:1
^46` Grzulfn/ Vwhyh +4<;<,= �Xqlrq0Roljrsro| Edujdlqlqj�/ Hfrqrplf Mrxuqdo/ yro1 <</ 44560751
^47` Hehoo/ Prqltxh dqg Fkulvwldq Kçinh +5336,= �Surgxfw Pdunhw Ghuhjxodwlrq dqg Oderu PdunhwRxwfrphv�/ Xqlyhuvlwdw Srpshx Ideud/ plphr1
^48` Irqvhfd/ Udtxho/ Sdorpd Orsh}0Jdufld dqg Fkulvwrskhu D1 Slvvduulghv +5334,= �Hqwuhsuhqhxu0vkls/ Vwduw0Xs Frvwv dqg Hpsor|phqw�/ Hxurshdq Hfrqrplf Uhylhz/ yro1 78/ 9<50:381
^49` Kdvvohu/ Mrkq/ Mrvh Y1 Urguljxh} Prud/ Nmhwlo Vwruhvohwwhq dqg Ideul}lr ]lolerwwl +5335,= �DSrvlwlyh Wkhru| ri Jhrjudsklf Prelolw| dqg Vrfldo Lqvxudqfh�/ LLHV/ Vwrfnkrop Xqlyhuvlw|/plphr1
^4:` Od Sruwd/ Udidho/ Ioruhqflr Orsh}0gh0Vlodqhv/ Dqguhl Vkohlihu dqg Urehuw Z1 Ylvkq| +4<<;,=�Odz dqg Ilqdqfh�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ yro1 439/ 44460881
^4;` Od}hdu/ Hgzdug S1 +4<<3,= �Mre Vhfxulw| Surylvlrqv dqg Hpsor|phqw�/ Txduwhuo| Mrxuqdo riHfrqrplfv/ yro1 438/ 93<0:591
^4<` Ohyhu/ Pdufho dqg Wrp ydq Yhhq +4<<4,= �Xqlrq Zdjh Vhwwlqj/ Hpsor|phqw dqg Lqyhvwphqw=d Vxuyh| ri Wkhru| dqg Hpslulfdo Hylghqfh�/ Oderxu/ yro1 8/ 580941
^53` Pruwhqvhq/ Gdoh dqg Fkulvwrskhu D1 Slvvdulghv +4<<<,= �Qhz Ghyhorsphqwv lq Prghov riVhdufk lq wkh Oderu Pdunhw�/ lq= Kdqgerrn ri Oderu Hfrqrplfv/ Dvkhqihowhu/ Ruoh| dqg GdylgFdug +hgv1,/ yro1 6E/ Qruwk Kroodqg/ Dpvwhugdp1

67



^54` Qlfnhoo/ Vwhskhq +4<<<,= �Surgxfw Pdunhwv dqg Oderu Pdunhwv�/ Oderu Hfrqrplfv/ yro1 9/40531
^55` Qlfrohwwl/ Jlxvhssh/ Vwhidqr Vfdushwwd dqg Rolylhu Er|odxg +4<<<,= �Vxppdu| Lqglfdwruv riSurgxfw Pdunhw Uhjxodwlrq zlwk dq H{whqvlrq wr Hpsor|phqw Surwhfwlrq Ohjlvodwlrq�/ RHFGHfrqrplfv Ghsduwphqw Zrunlqj Sdshuv Qr1 559/ RHFG/ Sdulv1
^56` Qlfrohwwl/ Jlxvhssh/ Urehuw F1J1 Kd�qhu/ Vwhskhq Qlfnhoo/ Vwhidqr Vfdushwwd dqg J|o� ]rhjd+5334,= �Hxurshdq Lqwhjudwlrq/ Olehudol}dwlrq dqg Oderu Pdunhw Shuirupdqfh�/ lq= Zhoiduhdqg Hpsor|phqw lq d Xqlwhg Hxursh/ Ehuwrod/ Jlxvhssh/ Wlwr Erhul dqg Jlxvhssh Qlfrohwwl+hgv1,/ PLW Suhvv/ Fdpeulgjh/ 47:05681
^57` RHFG +4<<<,= �Hpsor|phqw Surwhfwlrq dqg Oderxu Pdunhw Shuirupdqfh�/ Hpsor|phqw Rxw0orrn/ fk1 5/ RHFG/ Sdulv1
^58` RHFG +5335,= Hpsor|phqw Rxworrn/ RHFG/ Sdulv1
^59` Ruv}dj/ Plnh dqg Ghqqlv M1 Vqrzhu +4<<;,= �Dqdwrp| ri Srolf| Frpsohphqwdulwlhv�/ VzhglvkHfrqrplf Srolf| Uhylhz/ yro1 8/ 6360761
^5:` Shuhwwr/ Slhwur I1 +5333,= �Pdunhw Srzhu/ Jurzwk dqg Xqhpsor|phqw�/ Gxnh Xqlyhuvlw|/plphr1
^5;` Vdlqw0Sdxo/ Jloohv +4<<8,= �Wkh Kljk Xqhpsor|phqw Wuds/�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/yro1 443/ 85:0831
^5<` Vdlqw0Sdxo/ Jloohv +4<<:,= �Wkh Ulvh dqg Shuvlvwhqfh ri Uljlglwlhv�/ Dphulfdq Hfrqrplf Uh0ylhz/ yro1 ;:/ 5<3071
^63` Vdlqw0Sdxo/ Jloohv +5335,= �Wkh Srolwlfdo Hfrqrp| ri Hpsor|phqw Surwhfwlrq�/ Mrxuqdo riSrolwlfdo Hfrqrp|/ yro1 443/ 9:50:371
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^64` Vfkpdohqvhh/ Ulfkdug +4<;<,= �Lqwhu0Lqgxvwu| Vwxglhv ri Vwuxfwxuh dqg Shuirupdqfh�/ lq=Kdqgerrn ri Lqgxvwuldo Rujdql}dwlrq/ Vfkpdohqvhh/ Ulfkdug dqg Urehuw G1 Zloolj +hgv1,/ yro15/ Qruwk Kroodqg/ Dpvwhugdp1
^65` Vshfwru/ Gdylg +5335,= �Frpshwlwlrq dqg wkh Fdslwdo0Oderu Frq lfw�/ FHSUHPDS0FQUV/Sdulv/ plphr1
^66` Ylqgljql/ Dqguhd +5335,= �Xqfhuwdlqw| dqg wkh Srolwlfv ri Hpsor|phqw Surwhfwlrq�/ GlvfxvvlrqSdshu Qr1 798/ Sulqfhwrq/ Ghsduwphqw ri Hfrqrplfv 0 Lqgxvwuldo Uhodwlrqv Vhfwlrq1
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